A new approach is presented for converting the surface integral, representing the Kirchhoff diffracted field of an aperture on a plane screen, to a line integral. It has the advantages that it is mathematically rigorous and explicit and that it results in a representation that has exactly the same properties as the original Kirchhoff formula, i.e., it admits arbitrary source distributions and it is continuous everywhere in the source-free half-space, including the geometric-optics shadow boundary. Moreover, this new representation involves a unit vector whose direction can be adjusted so as to allow for accurate machine computations.
INTRODUCTION, DESCRIPTION OF THE METHOD, AND CONCLUSION
In this paper we examine the problem of converting the surface integral, representing the Kirchhoff (physical optics) diffracted field of an aperture on a plane screen, to a line integral over the boundary of the aperture. An excellent review of this subject up to the year 1965 is given by Rubinowicz, 1 who was also the first to effect such a conversion successfully for the case in which the incident wave is spherical or plane.
An exposition of his work, originally published in 1917, can be found in the book by Born and Wolf. 2 Since that year no significant contributions were made to the subject until, in 1962, Miyamoto and Wolf3' 4 found a way of generalizing Rubinowicz's theory to include incident waves resulting from arbitrary distributions of sources. Significant as their contribution is, it suffers from the absence of an explicit expression for the Kirchhoff diffracted field. Such an expression is given only in case the incident field is adequately represented by geometric optics, 4 the general case being referred to as "a much more difficult question which will not be discussed here." 4 The two cases that are treated exactly, that of an incident plane and a spherical wave, result in the expressions of Rubinowicz; these expressions, however, are not defined on the geometric-optics shadow boundary. In 1975, Gordon 5 examined the conversion problem using as his starting point a theorem that is also used in the present work (Theorem 2). This theorem permitted him to proceed in a mathematically exact and explicit way, but he confined his attention to only plane-and spherical-wave incidence. The shadow boundary was not considered except for his mentioning that one of the integrals that he employed became indeterminate there.
The present work was motivated from the following observations and questions: (1) The Kirchhoff surface-integral representation is an explicit formula valid for arbitrary source distributions. Can an explicit formula be obtained for the same sources in terms of line integrals? (2) The surfaceintegral representation is a continuous function of the observation point everywhere in the source-free half-space, including the shadow boundary. Can a line-integral representation having these same properties be obtained? (3) If the answer to the second question is in the affirmative, how does the shape of the boundary of the aperture influence the shadow-boundary values?
These questions are answered below, the end result being a mathematically rigorous and explicit line-integral representation that admits arbitrary source distributions, is continuous everywhere (including the shadow boundary), and clearly exhibits the dependence of the field on the shape of the boundary of the aperture. A by-product of this investigation is that, in contrast to the existing line-integral representations, the one derived here is also amenable to numerical computation. Interest in such computations has arisen recently owing to the work of Gravelsaeter and Stamnes. 6 The present work starts with the necessary geometric and physical definitions and a description of the method. The conversion of the surface integral to a line integral is considered here for the case in which all sources lie on one side of the screen and produce divergent waves, while the observer is situated on the other side. Neither the sources nor the observer is allowed on the plane of the screen. The geometry and the notation employed are the following: The plane screen with the aperture on it is vertically oriented so that it separates all space into a left half-space (LHS) and a right half-space (RHS). Sources are confined to the LHS and observation points to the RHS. As is shown in Fig. 1 , the screen is denoted by S, the aperture by A, and the boundary of the aperture by . The unit normal on A points toward the RHS, and is positively oriented with respect to . The observation point is denoted by 0 and serves as the origin of an arbitrarily oriented rectangular-coordinate system xyz. The position vector to A and F is denoted by R and its magnitude by R, and letters with carets C) over them denote unit vectors.
For the physical situation as described above, the Kirchhoff diffracted field at the observation point resulting from an 
2) does not exist at the observation point (origin), a new vector is introduced by defining U(R) = V(R) + uj(O)Vgo(R), (1.4) where go(R)=-I -
The divergence of U is equal to zero everywhere in the RHS, including the origin (in a generalized sense). According to the theorem, the vector integral by using the divergence theorem. His result can be readily extended to plane-wave incidence through a limiting process. Rubinowicz's line integral is defined for all observation points except those for which the vector from the observation point to the source point crosses the boundary of the aperture, or, in the case of a plane wave, the vector from the observation point, which is parallel to but opposite the direction of the plane wave, crosses the boundary. Miyamoto and Wolf3,4 extended Rubinowicz's work to an incident wave generated by an arbitrary source distribution. They accomplished this by expressing the incident wave as an angular spectrum of plane waves and by using Rubinowicz's formula for plane-wave incidence. The integrand of the line integral they ended up with is the dot product of the unit tangent to the boundary of the aperture and of a vector function, which they aptly called the vector potential. This last function possesses singularities on the aperture plane, the contributions of which were not explicitly evaluated. Using their formula, they were able to derive the results of Rubinowicz, but, like Rubinowicz, they did not discuss the case of the observation point's being on the geometric-optics shadow boundary.
At the beginning of their work, Miyamoto and Wolf3, 4 made a crucial observation, which, however, they did not exploit in full. They noted that the divergence of V in Eq. (1.2) is equal to zero, which is true everywhere on the RHS and the screen except at the observation point, where it is not defined. They concluded that V should be expressible as the curl of another vector, W, and that knowledge of this vector would immediately bring about the conversion of Eq. (1.1) to a line integral by using Stokes's theorem. This set them off to constructing the vector W in the manner described above. What they apparently were not aware of is that a theorem does exist 7 that allows the construction of W from V in a definite and unambiguous manner. (1.6) has the property that V X W = U in the RHS. This theorem is completely independent of the physical 
and the diffracted field in Eq. (1.1) can be expressed in the
where t is the unit tangent on r, having the same orientation as r, and ds is the element of arc length.
The surface integral appearing in Eq. (1.8) can also be converted to a line integral, 8 provided that r is a piecewiseregular curve (definitions 1 and 2 in Ref. 8) . The results of this conversion can be summarized in the theorem below.
Theorem 1
If F is a piecewise-regular curve and if 0 is any unit vector bound to 0 such that c n i 0, then
for all R e for some R e A (1.10) (1.11) Moreover, if R -. = 1 for some R e F, then the line integral in Eq. (1.9) exists and
. , In conclusion, the present approach of converting Kirchhoff's surface integral to a line integral is mathematically rigorous and explicit, is valid everywhere in the RHS including the geometric-optics shadow boundary, and is amenable to numerical computation.
FUNDAMENTAL REPRESENTATION
For the aperture of Fig. 1 the Kirchhoff diffracted field in the RHS is given by Eq. (1.1). With all sources restricted to the LHS, the incident wave satisfies the Helmholtz equation in the RHS; moreover, the free-space Green function in Eq. (1.3) satisfies the equation
Since the divergence of V is not equal to zero at the origin, an auxiliary function U is introduced, as in Eq. (1.4), whose divergence is equal to zero (in a generalized sense) everywhere on the right-hand side:
(1.13) Equations (1.7) and (1.13) are the basic results of Section 2 and of this paper. In contrast to the vector potential of Miyamoto where R = rR. (2.8) The expression in Eq. (2.7) is considered the fundamental representation of W. In applying this formula, a note of caution is in order. Since with the boundary of the aperture. The second term is the incident field at the observation point, as if the screen were point source be located at R* = (x*, y*, -z*) with z* > zo.
The incident field is then given by ui(R) = _ exp(ik R -R* ). This last integral can be evaluated by using integration by parts, the result being
When R R* = 1, the expression in Eq. _ exp(ikR*)
absent, multiplied (or weighed) by a factor greater than 0 but less than 1, which is the ratio of the solid angle subtended by the aperture at the observation point to the solid angle that a surface enclosing that point subtends.
THE VECTOR W FOR A POINT SOURCE AND A PLANE WAVE: AN EXAMPLE
With the z coordinate in the direction of i in Fig. 1 In the present case, y is a three-dimensional point.
The result for plane-wave incidence can be obtained from Eq. and Wolf, it can seen that they each contain an extra term, namely, the second term. This is to be expected since the present representation of the Kirchhoff diffracted field, namely,
contains two line integrals instead of one. From it, however, one can construct the Miyamoto-Wolf vector potential for a point source and a plane wave.
If u is taken to be the point source in Eq. (3.1) and if is set equal to *, then from Eqs. (3.8) and (1.10),
and it is not defined when A * R* = 1. On the other hand, if ui represents the plane wave in Eq. (3.10) and is set equal to -, then
and it is not defined when * 1 = -1. however, from which Eq. (3.12) is derived, requires only that n q < 0; thus the set of vectors 4 is uncountable, and the Miyamoto-Wolf formulas for the vector potential for a plane or a spherical wave represent in each case a single choice from an uncountable number. Their specific choice has the advantage that the Kirchhoff diffraction process can be given a simple physical interpretation, namely, that the observed field is the sum of the geometric-optics field and a field that is the interaction of a form of the incident wave (their vector potential) with the boundary of the aperture. On the other hand, it has the disadvantages that the vector potential is not defined on the shadow boundary and that it is not the best choice for numerical computations.
NUMERICAL CONSIDERATIONS
There has recently been some interest in machine computation of the Kirchhoff diffracted field at observation points a finite distance away from the plane of the screen. Gravelsaeter and Stamnes 6 have determined that such computations can be performed more efficiently by using the line-rather than the surface-integral representation of the diffracted field. They did, however, encounter difficulties in using the Rubi- 
